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Initialization

In[76]:= Off[SetDelayed: :write]
Off[General::spelll]

I Introduction

As we noted in an earlier notebook, spatial filtering by convolution can often be done much more quickly in the spatial
frequency domain. Suppose we want to filter an image of a face. Let our image to be filtered be face. The idea is to
generate a filter list, filter, and take its fourier transform, filterft = Fourier[filter]. Then we multiply the filterft by the
fourier transform of face, call it faceft. Our filtered output is the inverse transform of the product:

InverseFourier] filterft faceft].

Although Mathematica can handle vectors of arbitrary dimension, it will use a special algorithm called the Fast Fourier
Transform (FFT) if the image vector has dimensions which are powers of 2 (e.g. 8, 16,32, 64, etc..).

Complex number notation allows us to handle phase in a very elegant way. So first a review.

Complex numbers

Complex numbers can be written in terms of real and imaginary parts:
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Inf78]:= | z = 3 + 4 I;
Re[z]
Im[z]

Out[79]= | 3

Out[80]= | 4

A complex number can be thought of as a 2D vector whose x-value is the real part, and the y-value is the imaginary part.
Alternatively, complex numbers can be written in polar notation where the complex number has a length r = Abs[z] and an

angle 0 = Arg[z] that it makes with the real axis.

z=r1(cosO+isinO)

In[81]:= Abs[z]
Arg[z]

Out[81]= | 5

4
out[82]= tan‘l(g)

Using Euler's formula,

e 10 =cos O +1sin 0,

we can put the length and angles back together.

In[83]:= | z = Abs[z] Exp[I Arg[z]]

Out[83]=

Out[84]=

In[84]:= | N[%]
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I Fourier decomposition of image of a face

m The input image -- face

In[85]:= face = {

{0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667,
0.4667, 0.4000, 0.2667, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6667,
0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6667, 0.6000,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.5333, 0.4667, 0.4667, 0.5333, 0.4667, 0.4667, 0.4667, 0.4667, 0.4667,
0.5333, 0.4667, 0.5333, 0.5333, 0.5333, 0.4667, 0.5333, 0.5333, 0.5333,
0.5333},

{0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.6000, 0.5333, 0.4667,
0.4000, 0.3333, 0.2667, 0.2667, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000,
0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333, 0.6000,
0.6000, 0.6000, 0.5333, 0.6000, 0.5333, 0.6000, 0.6000, 0.5333, 0.5333,
0.4667, 0.4667, 0.4667, 0.4667, 0.4000, 0.4000, 0.4667, 0.4667, 0.5333,
0.5333, 0.5333, 0.4667, 0.5333, 0.6000, 0.5333, 0.5333, 0.6000, 0.6000,
0.6000},

{0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667,
0.4000, 0.2667, 0.1333, 0.1333, 0.3333, 0.4667, 0.5333, 0.6000, 0.6000,
0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667, 0.5333,
0.4667, 0.4667, 0.4667, 0.4667, 0.4667, 0.4667, 0.4667, 0.4667, 0.5333,
0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.5333,
0.4667, 0.4000, 0.4000, 0.4000, 0.3333, 0.4000, 0.4000, 0.4667, 0.4667,
0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000},

{0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667,
0.4000, 0.3333, 0.0667, 0.0667, 0.2667, 0.4000, 0.5333, 0.6000, 0.6000,
0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333,
0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.4667, 0.3333, 0.3333, 0.3333,
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0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667,
0.4667, 0.4000, 0.3333, 0.3333, 0.2667, 0.2667, 0.3333, 0.4000, 0.4000,
0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667,
0.6667},

{0.4000, 0.4667, 0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.4667,
0.4000, 0.3333, 0.1333, 0.1333, 0.2667, 0.4000, 0.5333, 0.6000, 0.6000,
0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000,
0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.5333, 0.4000, 0.2667,
0.2667, 0.4000, 0.4667, 0.5333, 0.5333, 0.5333, 0.4667, 0.5333, 0.4667,
0.4000, 0.3333, 0.3333, 0.2667, 0.2000, 0.2667, 0.3333, 0.4000, 0.4667,
0.4667, 0.5333, 0.5333, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,
0.6667},

{0.4000, 0.3333, 0.3333, 0.4000, 0.4667, 0.4667, 0.4667, 0.4667, 0.4000,
0.4000, 0.3333, 0.1333, 0.0667, 0.2667, 0.4000, 0.4667, 0.6000, 0.6000,
0.5333, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667,
0.6667, 0.6667, 0.7333, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667,
0.2667, 0.2000, 0.2667, 0.4000, 0.4667, 0.4667, 0.4667, 0.5333, 0.4667,
0.4000, 0.3333, 0.2667, 0.2000, 0.1333, 0.2000, 0.3333, 0.4000, 0.4667,
0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,
0.6667},

{0.6000, 0.4667, 0.4000, 0.3333, 0.3333, 0.3333, 0.4000, 0.4000, 0.4000,
0.3333, 0.3333, 0.2000, 0.1333, 0.2667, 0.4000, 0.4667, 0.5333, 0.5333,
0.4667, 0.4667, 0.4667, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333, 0.7333,
0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.5333, 0.5333,
0.4667, 0.3333, 0.2000, 0.2000, 0.2667, 0.4000, 0.4667, 0.4667, 0.4000,
0.3333, 0.3333, 0.2000, 0.1333, 0.0667, 0.1333, 0.3333, 0.4667, 0.5333,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,
0.6667},

{0.6000, 0.6000, 0.5333, 0.4000, 0.2000, 0.2000, 0.2667, 0.2667, 0.3333,
0.3333, 0.3333, 0.2000, 0.1333, 0.3333, 0.4000, 0.4667, 0.4667, 0.4667,
0.4000, 0.4667, 0.5333, 0.5333, 0.6000, 0.6667, 0.7333, 0.7333, 0.7333,
0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.6000, 0.5333, 0.5333,
0.4667, 0.4000, 0.3333, 0.2667, 0.2000, 0.2000, 0.2667, 0.4000, 0.4000,
0.3333, 0.2667, 0.2000, 0.0667, 0.0000, 0.1333, 0.4000, 0.4667, 0.5333,
0.6000, 0.6000, 0.6000, 0.6667, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,
0.6000},

{0.5333, 0.6000, 0.6000, 0.4667, 0.3333, 0.3333, 0.2667, 0.2000, 0.2000,
0.2667, 0.3333, 0.2667, 0.2000, 0.3333, 0.4000, 0.4667, 0.4000, 0.3333,
0.4000, 0.4667, 0.5333, 0.6000, 0.6000, 0.6667, 0.7333, 0.7333, 0.7333,
0.8000, 0.7333, 0.8000, 0.7333, 0.7333, 0.6667, 0.6000, 0.6000, 0.5333,
0.5333, 0.4667, 0.4000, 0.3333, 0.2667, 0.2000, 0.2000, 0.2000, 0.3333,
0.3333, 0.2667, 0.2000, 0.0667, 0.0000, 0.2000, 0.4000, 0.5333, 0.6000,
0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6000,
0.6000},

{0.6000, 0.6667, 0.6667, 0.5333, 0.3333, 0.4667, 0.4667, 0.3333, 0.2667,
0.2000, 0.2667, 0.2000, 0.2000, 0.3333, 0.3333, 0.4000, 0.4000, 0.4000,
0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6667, 0.7333, 0.7333, 0.8000,
0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6000, 0.6000,
0.5333, 0.4667, 0.4667, 0.4000, 0.4000, 0.3333, 0.2667, 0.2000, 0.1333,
0.2000, 0.2000, 0.2000, 0.0667, 0.0000, 0.1333, 0.4000, 0.5333, 0.6000,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6000, 0.6000, 0.6000,
0.5333},

{0.6000, 0.6667, 0.6667, 0.5333, 0.4000, 0.4667, 0.5333, 0.5333, 0.4667,
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0.4000, 0.2667, 0.2000, 0.2000, 0.3333, 0.3333, 0.4000, 0.4667, 0.4667,
0.4667, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333, 0.7333, 0.8000, 0.8000,
0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000,
0.6000, 0.5333, 0.4667, 0.4667, 0.4667, 0.4000, 0.4000, 0.2667, 0.2000,
0.0667, 0.0667, 0.1333, 0.0667, 0.0000, 0.1333, 0.3333, 0.4667, 0.5333,
0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.5333,
0.4667},

{0.6667, 0.6667, 0.6667, 0.6000, 0.3333, 0.4667, 0.5333, 0.5333, 0.6000,
0.6000, 0.4000, 0.2667, 0.2000, 0.3333, 0.4000, 0.4667, 0.4667, 0.5333,
0.5333, 0.6000, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,
0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.6667, 0.7333, 0.6667, 0.6667,
0.6000, 0.5333, 0.4667, 0.5333, 0.4667, 0.4667, 0.4667, 0.4000, 0.3333,
0.2000, 0.0667, 0.0667, 0.0000, 0.0000, 0.0667, 0.2000, 0.4000, 0.4667,
0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.4667, 0.4000,
0.4000},

{0.6667, 0.6667, 0.6667, 0.6000, 0.4000, 0.4667, 0.5333, 0.5333, 0.6000,
0.6667, 0.5333, 0.3333, 0.3333, 0.4000, 0.4667, 0.5333, 0.5333, 0.5333,
0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333,
0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667,
0.6000, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.4667, 0.4000,
0.3333, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000, 0.1333, 0.3333, 0.4000,
0.4667, 0.4667, 0.4667, 0.4667, 0.4667, 0.4000, 0.4000, 0.3333, 0.3333,
0.2667},

{0.6000, 0.6667, 0.6000, 0.5333, 0.4000, 0.4667, 0.5333, 0.5333, 0.6000,
0.6000, 0.4667, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000, 0.6000,
0.5333, 0.6000, 0.6667, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667,
0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.4000,
0.4000, 0.2667, 0.2667, 0.0667, 0.0000, 0.0000, 0.0667, 0.2000, 0.3333,
0.3333, 0.3333, 0.3333, 0.3333, 0.3333, 0.2667, 0.2667, 0.2000, 0.1333,
0.1333},

{0.5333, 0.6000, 0.6667, 0.6000, 0.4667, 0.4667, 0.5333, 0.5333, 0.5333,
0.4667, 0.4000, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.5333, 0.4667, 0.4667, 0.4667, 0.4667, 0.4000, 0.4667,
0.4667, 0.4000, 0.4000, 0.4000, 0.4000, 0.4000, 0.4000, 0.4667, 0.4667,
0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.4000,
0.4000, 0.3333, 0.3333, 0.2667, 0.0667, 0.0000, 0.0000, 0.0667, 0.2000,
0.2000, 0.1333, 0.0667, 0.1333, 0.1333, 0.1333, 0.0667, 0.0667, 0.0000,
0.0667},

{0.6000, 0.6667, 0.6667, 0.6000, 0.4667, 0.4667, 0.5333, 0.4667, 0.4000,
0.3333, 0.4000, 0.4000, 0.4667, 0.5333, 0.5333, 0.6000, 0.6667, 0.6667,
0.6000, 0.5333, 0.4667, 0.4000, 0.4000, 0.4000, 0.3333, 0.3333, 0.3333,
0.4000, 0.3333, 0.3333, 0.3333, 0.2667, 0.2667, 0.2667, 0.3333, 0.3333,
0.4667, 0.5333, 0.6000, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667,
0.4000, 0.3333, 0.3333, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.0667, 0.0000, 0.0000,
0.0667},

{0.6000, 0.6000, 0.6667, 0.6000, 0.4667, 0.4000, 0.5333, 0.4000, 0.3333,
0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667,
0.6000, 0.5333, 0.4000, 0.3333, 0.3333, 0.2667, 0.2667, 0.3333, 0.4000,
0.4667, 0.4667, 0.4667, 0.4000, 0.3333, 0.2667, 0.2667, 0.2000, 0.2000,
0.3333, 0.4667, 0.6000, 0.6667, 0.6667, 0.6667, 0.6000, 0.5333, 0.4667,
0.4000, 0.3333, 0.3333, 0.3333, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000,
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0.0000, 0.0000,

0.2000, 0.0000, 0.0000,

{0.6000, 0.6000,

0.3333, 0.2667,

0.6667, 0.6667,
0.3333, 0.3333,
0.0667, 0.0667,
0.4667, 0.4000,
0.0000, 0.0000,
0.0000, 0.0000,

0.2667, 0.3333,

0.6667, 0.6667,
0.2000, 0.2000,
0.2000, 0.2000,
0.4667, 0.4000,
0.0000, 0.0000,
0.0000, 0.0000,

0.2667, 0.3333,

0.4667, 0.5333,
0.3333, 0.3333,
0.4667, 0.4667,
0.4667, 0.4000,
0.0000, 0.0000,
0.0000, 0.0000,

0.3333, 0.4000,

0.5333, 0.4667,
0.5333, 0.6000,
0.6000, 0.5333,
0.4667, 0.4000,
0.0000, 0.0000,
0.0000, 0.0000,

0.3333, 0.4000,

0.6000, 0.6000,
0.6667, 0.7333,
0.5333, 0.6000,
0.5333, 0.4667,
0.0000, 0.0000,
0.0000, 0.0000,

0.3333, 0.4000,

0.6667, 0.6667,
0.7333, 0.7333,
0.6000, 0.6000,
0.5333, 0.5333,
0.0000, 0.0000,
0.0000, 0.0000,

0.2667, 0.3333,

0.6667, 0.6667,
0.6667, 0.7333,
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0.7333, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000,

0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.5333, 0.5333,

0.4667, 0.4667, 0.4000, 0.3333, 0.2667, 0.1333, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.6667, 0.6667, 0.6667, 0.6667, 0.5333, 0.4000, 0.2000, 0.2667, 0.3333,
0.4000, 0.4667, 0.5333, 0.6000, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333,

0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.6667,

0.6000, 0.5333, 0.6000, 0.6000, 0.6667, 0.6667, 0.6000, 0.6000, 0.6667,

0.6667, 0.6667, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333,

0.4667, 0.4667, 0.4000, 0.4000, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000,

0.0000, 0.0667, 0.1333, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.6667, 0.6667, 0.6667, 0.6000, 0.4667, 0.3333, 0.2000, 0.2000, 0.3333,
0.4667, 0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.7333,

0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.5333, 0.5333, 0.6000, 0.6000,

0.5333, 0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333, 0.6000,

0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.5333,

0.5333, 0.4000, 0.4000, 0.4000, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000,

0.0667, 0.2667, 0.4000, 0.4000, 0.2667, 0.0667, 0.0000, 0.0000, 0.0000,

0.0000},

{0.6667, 0.6000, 0.6000, 0.6000, 0.4667, 0.3333, 0.2000, 0.2000, 0.3333,
0.4667, 0.5333, 0.6000, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333, 0.7333,

0.8000, 0.8000, 0.7333, 0.6667, 0.6000, 0.5333, 0.5333, 0.5333, 0.5333,

0.5333, 0.5333, 0.5333, 0.4667, 0.4667, 0.4667, 0.5333, 0.4667, 0.4667,

0.6000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333,

0.5333, 0.4667, 0.4000, 0.4000, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000,

0.0667, 0.2667, 0.4667, 0.4667, 0.4000, 0.3333, 0.0667, 0.0000, 0.0000,

0.0000},

{0.5333, 0.5333, 0.5333, 0.6000, 0.5333, 0.4000, 0.2000, 0.2667, 0.4000,
0.4667, 0.5333, 0.6000, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.7333,

0.7333, 0.8000, 0.7333, 0.6667, 0.5333, 0.5333, 0.6000, 0.5333, 0.5333,

0.6000, 0.6667, 0.6667, 0.6000, 0.4667, 0.4667, 0.5333, 0.4667, 0.4000,

0.6000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.5333, 0.5333,

0.4667, 0.4000, 0.4000, 0.4000, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000,

0.0000, 0.2000, 0.4667, 0.4667, 0.4000, 0.4000, 0.2000, 0.0000, 0.0000,

0.0000},

{0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.4000, 0.2667, 0.3333, 0.4000,
0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,

0.7333, 0.7333, 0.7333, 0.6667, 0.4667, 0.4667, 0.5333, 0.6000, 0.6000,

0.7333, 0.7333, 0.7333, 0.6667, 0.5333, 0.5333, 0.4667, 0.3333, 0.3333,

0.6000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6000, 0.6000, 0.5333, 0.5333,

0.4667, 0.4667, 0.4000, 0.4000, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000,

0.0000, 0.1333, 0.4667, 0.5333, 0.4667, 0.4000, 0.2667, 0.0667, 0.0000,

0.0000},

{0.5333, 0.6000, 0.6000, 0.6667, 0.5333, 0.4000, 0.2667, 0.3333, 0.4000,
0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.5333, 0.6000, 0.6667, 0.6667,

0.6667, 0.6667, 0.7333, 0.6667, 0.4667, 0.3333, 0.4000, 0.5333, 0.6000,

0.7333, 0.7333, 0.7333, 0.6667, 0.5333, 0.4000, 0.3333, 0.2000, 0.3333,

0.6000, 0.7333, 0.6667, 0.6667, 0.6000, 0.5333, 0.6000, 0.5333, 0.4667,

0.4667, 0.4000, 0.4000, 0.3333, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000,

0.0000, 0.0667, 0.3333, 0.5333, 0.4667, 0.3333, 0.2000, 0.0667, 0.0000,

0.0000},




Fourier_neural_image.nb

{0.5333, 0.6000, 0.6667, 0.7333, 0.5333, 0.3333, 0.3333, 0.3333, 0.4000,
0.4667, 0.5333, 0.6000, 0.5333, 0.5333, 0.6000, 0.5333, 0.6000, 0.6667,
0.6000, 0.6667, 0.7333, 0.6667, 0.5333, 0.3333, 0.2667, 0.4000, 0.5333,
0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.3333, 0.2000, 0.2667, 0.4667,
0.6667, 0.6667, 0.6000, 0.5333, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667,
0.4000, 0.3333, 0.3333, 0.3333, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000,
0.0000, 0.0000, 0.1333, 0.4000, 0.4000, 0.2667, 0.2000, 0.1333, 0.0000,
0.0000},

{0.4667, 0.5333, 0.6667, 0.6667, 0.5333, 0.3333, 0.2667, 0.3333, 0.4000,
0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333, 0.6000,
0.6000, 0.6000, 0.6000, 0.6667, 0.5333, 0.4000, 0.3333, 0.3333, 0.4000,
0.4667, 0.5333, 0.4667, 0.4000, 0.3333, 0.2667, 0.2667, 0.4000, 0.5333,
0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.4667,
0.4000, 0.3333, 0.3333, 0.3333, 0.2667, 0.2000, 0.2000, 0.0667, 0.0000,
0.0000, 0.0000, 0.0667, 0.3333, 0.3333, 0.3333, 0.2667, 0.2667, 0.0667,
0.0000},

{0.4000, 0.4000, 0.5333, 0.5333, 0.4667, 0.3333, 0.3333, 0.4000, 0.4667,
0.4667, 0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.5333, 0.5333, 0.5333, 0.4667, 0.3333, 0.2667, 0.3333,
0.4000, 0.4667, 0.4000, 0.3333, 0.3333, 0.3333, 0.3333, 0.4000, 0.5333,
0.5333, 0.5333, 0.5333, 0.6000, 0.5333, 0.6000, 0.5333, 0.5333, 0.5333,
0.4667, 0.4000, 0.4000, 0.4000, 0.3333, 0.3333, 0.2000, 0.0667, 0.0000,
0.0000, 0.0000, 0.1333, 0.4000, 0.4667, 0.5333, 0.4667, 0.4000, 0.2667,
0.0000},

{0.4667, 0.5333, 0.6000, 0.5333, 0.4000, 0.2667, 0.2667, 0.4000, 0.4667,
0.5333, 0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.5333, 0.4667, 0.5333, 0.5333, 0.4667, 0.3333, 0.2667, 0.3333,
0.4000, 0.4000, 0.4000, 0.4000, 0.3333, 0.3333, 0.3333, 0.4000, 0.4667,
0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.5333,
0.4667, 0.4000, 0.4000, 0.4000, 0.3333, 0.2667, 0.2000, 0.0667, 0.0000,
0.0000, 0.0000, 0.1333, 0.3333, 0.4667, 0.6667, 0.6000, 0.5333, 0.4000,
0.0667},

{0.6000, 0.6667, 0.6667, 0.6000, 0.4000, 0.2667, 0.3333, 0.4000, 0.4667,
0.5333, 0.4667, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333, 0.6000, 0.6000,
0.6000, 0.5333, 0.5333, 0.4667, 0.4667, 0.4667, 0.4000, 0.3333, 0.4000,
0.4667, 0.4667, 0.4667, 0.4667, 0.4000, 0.3333, 0.3333, 0.3333, 0.4000,
0.4000, 0.4667, 0.5333, 0.5333, 0.4667, 0.4667, 0.4667, 0.5333, 0.5333,
0.4667, 0.4000, 0.4000, 0.4000, 0.4000, 0.2667, 0.2000, 0.1333, 0.0000,
0.0000, 0.0000, 0.0000, 0.2667, 0.5333, 0.6667, 0.6667, 0.6000, 0.4667,
0.1333},

{0.7333, 0.7333, 0.6667, 0.6000, 0.4000, 0.2667, 0.3333, 0.4000, 0.4667,
0.5333, 0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6000, 0.5333, 0.4667, 0.4667, 0.4000, 0.4000, 0.3333, 0.3333,
0.4667, 0.5333, 0.5333, 0.5333, 0.4667, 0.3333, 0.2667, 0.2667, 0.3333,
0.4000, 0.4667, 0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333,
0.4667, 0.4667, 0.4000, 0.4000, 0.3333, 0.3333, 0.2000, 0.1333, 0.0667,
0.0000, 0.0000, 0.0000, 0.2000, 0.5333, 0.6667, 0.6667, 0.6000, 0.4667,
0.1333},

{0.8000, 0.8000, 0.7333, 0.5333, 0.4000, 0.3333, 0.3333, 0.3333, 0.4000,
0.4667, 0.4667, 0.4667, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667,
0.6667, 0.6667, 0.6000, 0.5333, 0.4667, 0.4000, 0.3333, 0.3333, 0.4000,
0.4667, 0.5333, 0.6000, 0.6000, 0.4667, 0.3333, 0.2667, 0.3333, 0.3333,
0.4667, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
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0.5333, 0.5333, 0.4667, 0.4000, 0.3333, 0.2667, 0.2000, 0.2000, 0.0667,
0.0000, 0.0000, 0.0000, 0.0667, 0.4000, 0.5333, 0.6000, 0.5333, 0.4000,
0.2000},

{0.7333, 0.7333, 0.7333, 0.5333, 0.3333, 0.2667, 0.4000, 0.4000, 0.4000,
0.4667, 0.5333, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667,
0.7333, 0.6667, 0.6000, 0.6000, 0.5333, 0.4000, 0.3333, 0.3333, 0.4000,
0.4667, 0.5333, 0.6000, 0.5333, 0.4667, 0.3333, 0.2667, 0.3333, 0.4000,
0.4667, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.5333, 0.5333, 0.4667, 0.4000, 0.3333, 0.2667, 0.2667, 0.2000, 0.1333,
0.0000, 0.0000, 0.0000, 0.0000, 0.1333, 0.4000, 0.4667, 0.4667, 0.2667,
0.2667},

{0.6667, 0.6667, 0.6667, 0.5333, 0.3333, 0.2667, 0.3333, 0.4667, 0.4000,
0.4000, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667,
0.6667, 0.7333, 0.6667, 0.6667, 0.6000, 0.4667, 0.4000, 0.3333, 0.4000,
0.4667, 0.5333, 0.6000, 0.6000, 0.5333, 0.4000, 0.3333, 0.3333, 0.4667,
0.5333, 0.6000, 0.6000, 0.6667, 0.6667, 0.6000, 0.5333, 0.4667, 0.5333,
0.4667, 0.4667, 0.4000, 0.4000, 0.4000, 0.3333, 0.2667, 0.2000, 0.1333,
0.0667, 0.0000, 0.0000, 0.0000, 0.0000, 0.2667, 0.4000, 0.2667, 0.2667,
0.3333},

{0.6667, 0.6000, 0.4667, 0.4000, 0.2667, 0.2667, 0.3333, 0.4000, 0.4000,
0.4667, 0.5333, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000,
0.6000, 0.6667, 0.7333, 0.6667, 0.6667, 0.5333, 0.4667, 0.4000, 0.4667,
0.5333, 0.6000, 0.6667, 0.6000, 0.5333, 0.4000, 0.3333, 0.4000, 0.4667,
0.4667, 0.5333, 0.6667, 0.6667, 0.5333, 0.4000, 0.3333, 0.4000, 0.4000,
0.4000, 0.3333, 0.3333, 0.3333, 0.3333, 0.2667, 0.2667, 0.2667, 0.2000,
0.0667, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.2000, 0.3333,
0.4000},

{0.6000, 0.5333, 0.4000, 0.3333, 0.2667, 0.2000, 0.3333, 0.4667, 0.4667,
0.4667, 0.5333, 0.4667, 0.4667, 0.4667, 0.5333, 0.6000, 0.5333, 0.2667,
0.2667, 0.4667, 0.6667, 0.8000, 0.7333, 0.6000, 0.4667, 0.4667, 0.5333,
0.6000, 0.6667, 0.7333, 0.7333, 0.6667, 0.4667, 0.4000, 0.4000, 0.4000,
0.4667, 0.6000, 0.6667, 0.6000, 0.2000, 0.0000, 0.0000, 0.2000, 0.4000,
0.4000, 0.2667, 0.2667, 0.2000, 0.2000, 0.2667, 0.2667, 0.2667, 0.1333,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.3333,
0.4000},

{0.6000, 0.5333, 0.2667, 0.2000, 0.2000, 0.2000, 0.3333, 0.4667, 0.5333,
0.4667, 0.4000, 0.4000, 0.3333, 0.4000, 0.5333, 0.6000, 0.2667, 0.0000,
0.0000, 0.0667, 0.5333, 0.7333, 0.7333, 0.5333, 0.4000, 0.4667, 0.5333,
0.6667, 0.6667, 0.7333, 0.7333, 0.6667, 0.5333, 0.4000, 0.3333, 0.3333,
0.4000, 0.6000, 0.6667, 0.4000, 0.0667, 0.0667, 0.0000, 0.0000, 0.2667,
0.4000, 0.1333, 0.0667, 0.0667, 0.2000, 0.2667, 0.2667, 0.2000, 0.0667,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.2000, 0.2667,
0.3333},

{0.6000, 0.4667, 0.1333, 0.0667, 0.0667, 0.1333, 0.2667, 0.4667, 0.4667,
0.5333, 0.4667, 0.4000, 0.2667, 0.2000, 0.4000, 0.4667, 0.1333, 0.0000,
0.0000, 0.0000, 0.2000, 0.5333, 0.6000, 0.5333, 0.5333, 0.5333, 0.6667,
0.6667, 0.7333, 0.8000, 0.7333, 0.6667, 0.6000, 0.5333, 0.4000, 0.3333,
0.4000, 0.4667, 0.5333, 0.2000, 0.0000, 0.1333, 0.0667, 0.0000, 0.0667,
0.0667, 0.0000, 0.0000, 0.2000, 0.2667, 0.2667, 0.2667, 0.1333, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.2000, 0.2667,
0.1333},

{0.4000, 0.2000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.3333, 0.4667,
0.4667, 0.4667, 0.5333, 0.4000, 0.2667, 0.2667, 0.2667, 0.0667, 0.0000,
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0.0000, 0.0000, 0.1333, 0.4667, 0.5333, 0.5333, 0.6000, 0.6000, 0.6667,

0.7333, 0.7333, 0.8000, 0.7333, 0.7333, 0.6667, 0.6000, 0.4667, 0.4667,

0.4667, 0.4000, 0.4000, 0.2667, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000,

0.0667, 0.0667, 0.2000, 0.2667, 0.3333, 0.2667, 0.1333, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.1333,

0.0667},

{0.1333, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.2667, 0.4000,
0.5333, 0.5333, 0.5333, 0.5333, 0.4667, 0.4667, 0.4000, 0.2667, 0.2667,

0.2667, 0.3333, 0.4000, 0.5333, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333,

0.7333, 0.7333, 0.8000, 0.8000, 0.7333, 0.7333, 0.6667, 0.6000, 0.5333,

0.5333, 0.4667, 0.4000, 0.3333, 0.3333, 0.3333, 0.2667, 0.2000, 0.2000,

0.2667, 0.3333, 0.3333, 0.3333, 0.4000, 0.2667, 0.1333, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.1333, 0.2000, 0.3333,
0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.5333,

0.5333, 0.5333, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.7333, 0.7333,

0.7333, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667, 0.6000,

0.5333, 0.5333, 0.4667, 0.4667, 0.4000, 0.4000, 0.4000, 0.4000, 0.4000,

0.4000, 0.4000, 0.4667, 0.4000, 0.3333, 0.2667, 0.1333, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.1333, 0.3333,
0.4667, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6000,

0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667,

0.6000, 0.6000, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333, 0.5333,

0.5333, 0.5333, 0.5333, 0.4667, 0.4000, 0.2667, 0.0667, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667, 0.2000,
0.4000, 0.5333, 0.6000, 0.6667, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667,

0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.7333,

0.6667, 0.6667, 0.5333, 0.5333, 0.6000, 0.5333, 0.6000, 0.6000, 0.6000,

0.6000, 0.6000, 0.5333, 0.4667, 0.4000, 0.2667, 0.0667, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0667,
0.2667, 0.4000, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667,

0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.8000, 0.8000, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.8000, 0.7333,

0.7333, 0.6667, 0.6000, 0.5333, 0.5333, 0.5333, 0.6000, 0.6000, 0.5333,

0.5333, 0.5333, 0.5333, 0.4667, 0.3333, 0.1333, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.1333, 0.2667, 0.4000, 0.5333, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667,

0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000,

0.7333, 0.7333, 0.7333, 0.6667, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667,

0.5333, 0.4667, 0.4667, 0.4000, 0.2000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
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0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0667, 0.2000, 0.2667, 0.4000, 0.5333, 0.6000, 0.6667, 0.6667, 0.7333,

0.7333, 0.7333, 0.7333, 0.8000, 0.8000, 0.7333, 0.8000, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333,

0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6667, 0.6000, 0.5333, 0.4667,

0.4667, 0.4000, 0.4000, 0.2667, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.1333, 0.2000, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6667, 0.6667,

0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333,

0.7333, 0.7333, 0.7333, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.5333,

0.4667, 0.4000, 0.3333, 0.2667, 0.1333, 0.0667, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.1333, 0.2667, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6667, 0.6667,

0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333,

0.7333, 0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667,

0.4000, 0.3333, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.1333, 0.2667, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6667, 0.6667,

0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333,

0.6667, 0.6000, 0.6667, 0.6000, 0.5333, 0.6000, 0.5333, 0.4667, 0.4667,

0.4667, 0.4000, 0.3333, 0.2667, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0667, 0.2000, 0.3333, 0.4000, 0.4667, 0.4667, 0.6000, 0.6000, 0.6667,

0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667,

0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667,

0.4000, 0.4000, 0.3333, 0.2667, 0.1333, 0.0667, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0667, 0.2000, 0.2667, 0.3333, 0.4667, 0.5333, 0.5333, 0.6000, 0.6667,

0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.6667,

0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667,

0.4000, 0.3333, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.2000, 0.2667, 0.3333, 0.4667, 0.5333, 0.5333, 0.6000, 0.6667,

0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000,

0.8000, 0.8000, 0.8000, 0.8000, 0.7333, 0.7333, 0.7333, 0.7333, 0.6667,
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0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.5333, 0.5333, 0.4667, 0.4667,

0.4000, 0.3333, 0.2667, 0.2000, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.1333, 0.2667, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000,

0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.8000, 0.8000,

0.7333, 0.7333, 0.8000, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333,

0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667, 0.4667,

0.4000, 0.3333, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0667, 0.2000, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000,

0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333,

0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333,

0.6667, 0.6667, 0.6667, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667, 0.4000,

0.3333, 0.2667, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.1333, 0.2667, 0.4000, 0.4667, 0.5333, 0.6000, 0.6000,

0.6667, 0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333,

0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333,

0.6000, 0.6667, 0.6000, 0.5333, 0.6000, 0.5333, 0.5333, 0.4667, 0.4000,

0.3333, 0.2667, 0.2000, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0667, 0.2000, 0.3333, 0.4000, 0.4667, 0.5333, 0.6000,

0.6000, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.7333, 0.7333, 0.7333,

0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.7333, 0.6667, 0.6667,

0.6667, 0.6667, 0.6000, 0.6000, 0.6000, 0.5333, 0.4667, 0.4667, 0.4000,

0.4000, 0.3333, 0.2667, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0667, 0.2000, 0.3333, 0.4000, 0.4667, 0.5333,

0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6667, 0.6667, 0.6667, 0.6667,

0.6667, 0.7333, 0.7333, 0.6667, 0.7333, 0.7333, 0.6667, 0.6000, 0.6667,

0.6667, 0.6000, 0.5333, 0.6000, 0.5333, 0.5333, 0.4667, 0.4000, 0.4000,

0.3333, 0.2667, 0.2000, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.1333, 0.2667, 0.3333, 0.4667, 0.5333,

0.5333, 0.6000, 0.5333, 0.6000, 0.6667, 0.6667, 0.6667, 0.6000, 0.6667,

0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667, 0.6667,

0.6000, 0.5333, 0.6000, 0.5333, 0.5333, 0.5333, 0.4667, 0.4000, 0.4000,

0.3333, 0.2667, 0.1333, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,

0.0000},

{0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
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0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.1333, 0.3333, 0.4000, 0.5333,
0.4667, 0.5333, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000, 0.6000,
0.6667, 0.6667, 0.6667, 0.6667, 0.6000, 0.6667, 0.6667, 0.6667, 0.6000,
0.5333, 0.6000, 0.5333, 0.5333, 0.5333, 0.4667, 0.4000, 0.4000, 0.4000,
0.3333, 0.1333, 0.0667, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000, 0.0000,
0.0000}};

In[86]:= | Short[face, 16]
Out[86]//Short=

(x1>)

hsize = size/2

32

In[87]:= ‘ size = Dimensions[face][[1]];
Out[88]= |

m Find the amplitude spectrum (spectrum) and the phase spectrum (phase) for the face picture. Chop[]
sets small values to zero. Note that most of the energy is near zero.
In[89]:= faceft = Fourier[face];

facespectrum = Chop[Abs[faceft]];
facephase = Chop[Arg[faceft]];
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In[92]:= ListDensityPlot[facespectrum, Mesh -» False]

Out[92]=

m Put amplitude spectrum and phase back together

In[93]:= facerestored =
Chop[InverseFourier[facespectrum Exp[I facephase]]];
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ArrayPlot [facerestored, Mesh -» False, ColorFunction -» "GrayTones",
DataReversed -» True]

Out[94]=

You can play with changes to the amplitude or phase spectrum to see what happens. For example, what happens if you
multiply the amplitude spectrum by an array whose values are proportional to the negative of the sum of the squares of the
horizontal and vertical spatial frequencies? (Answer: this is the spatial frequency equivalent to applying a Laplacian
operator in the space domain).

Some assorted functions and filters

m Shift operator - a useful function for aligning filter representations

In[95]:= shift[mat_,size_] :=
Transpose[RotateRight[Transpose[RotateRight[mat,size]],size]]

In[96]:= squash[x_] := N[1/(1 + Exp[-x])];

Below we define several different kinds of filters that you can play with. But BEWARE, some of them are very slow to
calculate.
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m Diffraction limited round pupil filter - this one is very slow to fill a table.

In[97]:= Airy2D[x_,y_] :=
If[x==0 && y==0,1.0,
N[ (2 BesselJ[1l,Pi Sqrt[x"2+y"2]]/(Pi Sqrt[x"2+y"2]))"2]]

m Low-pass Gaussian filter

In[98]:= gauss[x_,y_,sig_] :=
N[Exp[(-x"2 - y"2)/(2 sig*sig)]];
filter = Table[gauss[i/hsize,j/hsize,2/hsize],
{i,-hsize,hsize-1},{j,-hsize,hsize-1}];

m V3G

These filters are theoretically circularly symmetric. It is difficult to generate a circularly symmetric filter on a rectangular

lattice. The techniques below are intended primarily to illustrate some symbolic computation features of Mathematica.

One can define a DelSquaredG operator in terms of the second derivative of a Gaussian:
—x2-y2
In[100]:= | blur[x_, y_] :=e ;

dx[x_, y_] :=06yblurfu, vl /.u->x/.v->y
dy[x_, y_] :=08yblurfu, vl /. u->x/.voy

PlotPoints -» 64, PlotRange » {-2, 2}]

Out[104]=

delsqG[x_, y_] := O(y,2; blur[u, v] +9y,23blur[u, vl /. u->x/.v-oy
DensityPlot[-delsqG[x, y], {x, -4, 4}, {y, -4, 4}, Mesh » False,
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m Band-pass oriented Gabor filters

Gabor filters are sine (or cosine) waves enveloped by a Gaussian. We define a cosine-phase filter, cgabor[], which is
even-symmetric about the origin:

In[105]:= cgabor[x_,y , fx_, fy ,sig_] :=
N[Exp[(-x"2 - y"2)/(2 sig*sig)] Cos]|
2 Pi (fx x + fy y)11;

And a sine-phase filter, sgabor[] which is odd-symmetric:

In[106]:= sgabor[x_,y , fx , fy ,sig_] :=
N[Exp[(-x"2 - y"2)/(2 sig*sig)] Sin[
2 Pi (fx x + fy y)11;
filter = Table[sgabor[i/32,j/32,4,4,1/16],
{i,-hsize,hsize-1},{j,-hsize, hsize-1}];
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In[117]:= ListDensityPlot[filter, Mesh » False, PlotRange » {-1, 1},
ColorFunction -» "GrayTones"]

Out[117]=

The DensityPlot above shows a view of the "receptive field" of an oriented band-pass cell. Let's plot the filter along the
diagonal:
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In[109]:= ListPlot[Table[filter([i, i]], {i, 1, size}], Joined -» True,
PlotRange » {-1, 1}]

10

051

out[1 09]= (I T TN N T TN T T [ S T T T4 O T T ST T TN S S TN MY Y SO AN T

051

-1.0-

I "Neural images": Apply an oriented filter to the face image

Below we show the results of applying a 45 degree oriented simple cell (a Hubel and Wiesel "edge detector") to the face
image. This picture can be thought of as a "neural image" corresponding to the outputs of that sub-class of simple cells
whose filtering properties can be modeled with this particular spatial frequency and orientation. The filter is generated
using the sgabor filter above.
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In[118]:= filterft = Fourier[shift[filter, hsize]];
ArrayPlot[fface = Chop[t = InverseFourier[filterft faceft]],
Mesh » False, ColorFunction » "GrayTones", DataReversed —» True]

Out[118]=

I Exercises: Some general properties of the spectra of filters and images

Verify the following general properties with filter lists generated from cgabor and sgabor filters.
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m Exercise 1: What is the imaginary part of the fourier transform of a real even symmetric (e.g. cosine-
phase filter) image? What is the real part of an odd-symmetric image (e.g. sine-phase filter)?

m Exercise 2 - Similarity theorem: If the spatial scale of a filter or image is doubled (i.e. 2 x -> x), what
happens to the scale of the filter's amplitude spectrum? What happens to the amplitude of the filter's

amplitude spectrum?

Verify this with the filter from cgabor. Below, F[] stands for fourier transform, 1 for an image, and L

ﬁcfy)

for the fourier transform of 1.

Fll(ax, by)] =

= EX6LCIe6 3 - LYLR6AY],2 [P6OL6II: M PUS I2 [P6 Le[IfIou2PIb peramesy fP6 [6UE(P Of YU NUYSE® YU( [P6

lc'lgrl' NT 1M T AGIT2TNT TIT®

= EZX6LCIZ6 ¢ - RPI ] P6OL6IN

AGLILA [9f 1L A0 2PIEL CEIPOL PA §() 631662 [0 GG 28IPOL’> AOM CIN CY[CAILG [P6 [OMLIGL (LYURLOL O] 28YPOL PA WIN]fID]A-

T2 A TaaTTAT rrerrmrarTr Ar APannTr n) e edhhrahrrera AvhartAarieresrs O nATA M T FITA TAATTAT rermTATTT AT APernnT -

FlI(x - ay - b)] = L(f, ;e > 0res0)

I nmuhAarrciians A fnia hiuiiaaans alhcaAari A 1 AAaMM TAAARAIIIFIA

U {6 691]A quAz of byge1y are1on 162691cy’ If mye of olfel ybbrscrsreq (pyr (pe bpyes ebecnmy cyriice (pe 21éurpcyg
INJOLIUYLION [OL I6COSUIfION" | P12 6X6LCIe6 qGUIONRILILG? (P12 PA WIYKING YU IUgace mIfp ) Lyuqow bpyec guq rgce gwbyi-

revrm nhanr o <\ o rerranarr eeithrreaaa nhaaer arrr ety veena o hrverna nhaaer arrre

= ATHWE 200116 AIMTOLINITA AR2ILINACGO AIIING TT0IR6* T en ayrigce e simhnrnae 2heere o ana hnase

whl= | &F = L9pT6[M[x (5 BovqowkesT[] - 1)]* {7' 1* 27186} {1' 7' e27m6}]?
£f = LONKTER[Ef] ! rogvqowbpgze = cpob[yrd[zf] ]}

ranaomzbecernm = crtobllvnarel 1)

- AATIGUr MINCD TUNC TO2ArNnY oo TN TN ITZC AMICRTT TTTD N Y 'Ig"'l(‘l' u"'l\"l‘""c nf\crri MATIT NAC ATRTIT T GTITAANTTY



22 Fourier_neural_image.nb

phases?

In[112]:= facewithrandomphase =
Chop[InverseFourier[facespectrum Exp[I randomphase]]];

In[119]:= | ArrayPlot[facewithrandomphase, Mesh -» False, ColorFunction -» "GrayTones",
DataReversed -» True]

Out[119]=

m What does face look like if we substitute a noise spectrum (randomspectrum) for his amplitude

spectrum?

In[114]:= facewithrandomspectrum =
Chop[InverseFourier[randomspectrum Exp[I facephase]]];
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In[120]:= ArrayPlot [facewithrandomspectrum, Mesh -» False,
ColorFunction -» "GrayTones", DataReversed - True]

Out[120]=
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